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Motivations

OPF Is solved routinely for
B network control & optimization decisions
B market operations & pricing
B at timescales of mins, hours, days, ...
B Huge literature since 1962

Two problems we focus on
B Nonconvexity
B Time-varying

min ¢(X) s.t. F(Xx)=0, x<X




&% Optimal power flow

min
over

subject to

tr (CWH)
(V.s/)
s =t (Y'W")

J

I = tr (BEwW")
s < § < s
ljk = Ijk < I_;k

gen cost, power loss

power flow equation
line flow
Injection limits

line limits

| voltage limits

. \GH describes network topology and impedances

e S

;  is net power injection (generation) at node |



&% Optimal power flow

min
over

subject to

tr (CWH)
(V.s/)
s =t (Y'W")

J

I = tr (BEwW")
s < § < s
ljk = Ijk < I_;k

nonconvex feasible set (honconvex QCQP)

gen cost, power loss

power flow equation
line flow
Injection limits

line limits

| voltage limits

. YjH not Hermitian (nor positive semidefinite)
* (C Is positive semidefinite (and Hermitian)



Realtime OPF

Track optimal solution of time-varying OPF
B Uncertainty will continue to increase

B Real-time measurements increasingly become available on
seconds timescale

B Must, and can, close the loop in the future



+ 1 Time-varying optimization

min - c(2)

s.t. fi(z) <0

Assumptions
B ¢ :R" - Rand f; : R® — R™ twice cont. differentiable
possibly nonconvex
m X, C R" compact convex



&7 Time-varying optimization

min - c(2)

s.t. fi(z) <0

KKT condition:

(zy, A}) € X x RY primal-dual feasibe
Ve(zr) + Jr (25)P A € =Ny, (z})  stationarity

felzd) <0, X' fi(z) =0 complementary slackness

Goal: algorithm to track KKT trajectory (e.g. local opt)



&% Newton algorithm

Quasi-Newton algorithm [Tang, Dj & L TSG 2017]:

X(t+1) = X(t) — U(H(t)) laf;( (t)) active control

—Xi

Y(t) — Y(X(t)) law of physics

Hessian calculation computationally expensive
* Motivates first-order algorithm
« Add regularization for better tracking



&7 Time-varying optimization

iy al)

S.t. ft (CE‘) S

Difficulties:
m c¢; and f; can be nonconvex

m  Jacobian Jy,(z) can be difficult to compute
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&% Tracking algorithm

o

S.t. ft(il?) S 0

Dealing with nonconvexity
B Approximate C¢ and f; by linearizations

min Ve (@i-1)' (@ — To1)

S.1. ft(/x\t—l) -+ th (Zlf\t_l)(ZU — Z/U\t_l) S O



&% Tracking algorithm

min - c(z)

S.t. ft(ﬁl’i) S 0

Dealing with nonconvexity
B Approximate C¢ and f; by linearizations
B with quadratic regularizer
e — &

. ~ T = - .
min Ve (T 1) (o xt_1)+2Hx Ty 1

S.1. ft(/x\t—l) -+ th (Zlf\t_l)(ﬂ? — Z/E\t_l) S O

B Approximate problem is a simple quadratic program (QP)



+1 Tracking algorithm

min (o)

S.t. ft(ﬁl’}) S 0

Dealing with nonconvexity
B Apply primal-dual algorithm with quadratic dual regularizer

® Lagragian L.(z,\) quadratic in both:(Z, )

0 AN AN V AN
max min Ve (Ti—1)? (@ — Tio1) + = ||z — Ze—1||?
AER™ zEX, 2

+ A (fo(@io1) + Jp, (@) (@ — i)
Y
2



~1 Tracking algorithm

° s AN V s
max min Vct(a:t_l)T(CE — iUt—l) + —||33 — iUt—1H2
AERT zEX, 2

+ A7 (fe(@i—1) + Jp, (Tp—1)(® — Zy1))
— Sl

Primal-dual algorithm

=D
(~'.
||
—1
=D

oL . .
(-1 — TV Ix (xt—1»/1t—1)L
t

. oL, .
Ay = [%—1 - Te_la(xt—lr/lt—l)]-l_

Difficulty; Jacobian J¢,(x) is difficult to compute



~1 Tracking algorithm

° s AN V s
max min Vct(a:t_l)T(CE — iUt—l) + —||33 — 33t—1H2
AERT zEX, 2

+ A7 (fe(@i—1) + Jp, (Tp—1)(® — Zy1))
— Sl

Primal-dual algorithm

T = PXt (Zv\t—l — ! (Vct(fl?\t—l) + th (fE\t—l)TB\\t—1>)

AN

At = Prm (1 — T)/):t—l + 7 fi(Te—1)
+

Difficulty; Jacobian J¢,(x) is difficult to compute



+1 Tracking algorithm

° s AN V s
max min Vct(a:t_1)T(CE — iUt—l) + —||33 — iUt—1H2
AERT zEX, 2

+ A7 (fe(@i—1) + Jp, (Tp—1)(® — Zy1))
— Sl

Computing Jacobian

B Use actual measurements: feedback-based algorithm

B Assumptions
0 Measurement maps input x; € R" to output y;(x) € R™
O Constraints f;(z) <0 becomes Hy.(x) <0

B Jacobian becomes

Jy () = Jn, (ye(x))Jy, () = Hi Jy, ()



&% Tracking algorithm

° s AN V s
max min Vct(a:t_1)T(CE — iUt—l) + —||33 — iUt—1H2
AERT zEX, 2

+ A7 (fe(@i—1) + Jp, (Tp—1)(® — Zy1))
— Sl

Primal-dual algorithm with output-feedback:
EEt = P)(t (?C/t—l — 7'1/_1 (VCt (Z\C/t_l)
[y (F1)) o))

Xt — PRT ((1 — T)Xt—1 + ’Te_lht@t))



&% Tracking performance

Error = H:ZVt — Z,ZkH

\Z* := (x}, A}) : KKT trajectory (e.g. local opt)

t

Tracking algorithm trajectory



+1 Tracking performance

Error = H:ZVt — Z,ZkH

Theorem

pu.e(0, 7)o +V2u—ter (M) + € tLpe,)
1 — pye(0,7)

for all t

IZe =z || <

Error is small if Lagrangian is close to convex and problem changes slowly
e “local” convexity of L(-,A)

« rate ofchange: o = sup HZf—Zf—lu
teT\{0}



&% Tracking performance

Error := Hgt — Z:H

Theorem

pu.e(0, 7)o +V2u—ter (M) + € tLpe,)
1 — pue(0,7)

55 < foral

Error due to regularization

. AN AN V AN
max min Vct(a:t_1)T(33 — CCt—1) -+ —Hﬂi - ft—1||2
AERT TEX, 2

4+ \T (fe(Te1) + J¥, (Tp_1)(x —T4_1))
- Sl



&% Tracking performance

Error := H:ZVt — Z,ZkH

Theorem

pu.e(0, 7)o +V2u—ter (M) + € tLpe,)
1 — pye(0,7)

|12t =2 ]| < for all t

Error due to measurement

Ly, = sup || H||
teT



Key message

Large network of DERs

B Real-time optimization at scale
B Computational challenge: power flow solution

Online optimization [feedback control]

B Network computes power flow solutions in real time
at scale for free

B Exploit it for our optimization/control
B Naturally adapts to evolving network conditions

Examples

B Slow timescale: OPF
B Fast timescale: frequency control
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